Abstract. The behavior of convex functions is of interest in connection with a wide variety of optimization problems. It is shown here that this behavior is especially simple, in certain respects, when the domain is a polytope or belongs to certain classes of sets closely related to polytopes; moreover, the poly topes and related classes are actually characterized by this simplicity of behavior. The following corollary is useful in mathematical economics: If D is a boundedly polyhedral set and </> is a convex function on the relative interior of D such that d> is bounded on bounded sets, then d> can be extended in a unique way to a continuous convex function on D.
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Introduction. Throughout the paper, E denotes a finite-dimensional Euclidean space. A subset of E is called a polytope provided that it is the convex hull of a finite set of points, and is called boundedly polyhedral provided that its intersection with any polytope is a polytope. A function <j>, whose domain D is a subset of E, is called convex provided that <f> is real-valued, D is convex, and d>(Xx + (1 -X)y) =g X<b(x) + (1 -X)<b (y) for all XG [0, l] and x, yCD. It is a familiar fact that <p is continuous at interior points of D but need not be so at boundary points where it can "jump upward," as is easily seen in the one-dimensional case. In this case, on the other hand, it is clear that d> cannot jump downward and hence is upper semicontinuous.
Even this property fails to hold generally in higher dimensions, but it does carry over if D is boundedly polyhedral. In fact, as we shall prove, the property characterizes the boundedly polyhedral sets among the closed convex subsets of E. From this there follows another characteristic property of boundedly polyhedral sets which is useful in mathematical economics and other applications of optimization theory: If D is boundedly polyhedral and <j> is a convex function on the relative interior of D which is bounded on bounded sets, then <j> can be extended in a unique way to a continuous convex function on D. In general, our results show that the polytopes and closely related sets are exactly those domains whose convex functions have nice boundary behavior.
The following is a consequence of more detailed results established below.
For a bounded closed convex subset D of E, the following five conditions are equivalent: For example, (B() asserts that every lower semicontinuous convex function on D is bounded. Conditions (Bj) and (Bh,) are tautologies, but it will be shown that for an arbitrary bounded closed convex set D in E, all the other conditions are equivalent to (P). For unbounded sets the situation is similar but somewhat more complicated.
Convex functions on convex polytopes. Let us begin by showing that (P)=*(M) and (P)=>(L). Suppose that D is a polytope and <f> is a convex function on D. If ii is the maximum of <6 on the (finite) set of all extreme points of D, then sup <f>D=n< <x> and thus (P)=>(M). If x is a point of D then D is the union of finitely many simplices, each having x as a vertex; plainly (L) (or, for that matter, (S) or (M) or (B)) holds for D if it holds for each of these simplices. But then the desired conclusion ((P)=*(L)) follows easily, because a convex function on a simplex is majorized by an affine function coinciding with it at all vertices of the simplex.
For a more quantitative proof that (P)=>(L), let 5 denote the minimum of the distances from x to the various faces of D missing x, and let Lx = (p-<j>ix))/d. Consider an arbitrary point y of D~{x\, and let F denote the smallest face of D which includes both y and x. The ray from x through y meets the relative boundary of F at a point z, and \\z -x|| 2:5 because x is not in the smallest face of F which includes z. Withy=Xx + (l-X)s for some X£[0, l], it follows that
||s -x\\ S Let us now prove the first italicized statement of the introduction. Suppose that D is boundedly polyhedral and the relative interior of D is the domain of a convex function <p which is bounded on bounded sets. As Fenchel has observed [l, pp. 74-75], <f> can be extended in a unique way to a lower semicontinuous convex function # on D. On each polytope in D, r> is upper Lipschitzian (for (P)=>(L)) and hence upper semicontinuous.
With D boundedly polyhedral, this implies that </> is actually continuous and completes the proof.
For the second italicized statement of the introduction, let us suppose that D is a bounded closed convex subset of E. We have shown that (P)=J-(L) and (P)=s>(M), while it is evident that (L)=>(S) and The characterization theorems. We shall see that the polytopes, the boundedly polyhedral sets, and the vector sums of polytopes and closed convex cones can all be characterized in terms of the boundary behavior of their convex functions. It is convenient to employ the following notation for the three conditions.
(P) D is a polytope.
(BP) The intersection of D with any polytope is a polytope.
(P + C) D is the vector sum of a polytope and a closed convex cone. The proofs of these theorems are all based on the following lemma, which refines the construction in the last paragraph of the preceding section.
Lemma. If D is a closed convex subset of E whose set ext D of extreme points is infinite, then D admits lower semicontinuous convex functions n and f, both nonnegative, such that n is unbounded and f is bounded but attains no maximum. If some bounded subset of ext D is infinite, then n and f can be constructed so as not to be upper semicontinuous.
Proof of the Lemma. A point x of D is said to be an exposed point provided that \x\ is the intersection of D with a supporting hyperplane or, equivalently,
provided that E admits a linear form/* whose maximum on D is attained precisely at x. 
=> (St) =»
To complete the proof of Theorem 2 it suffices to show that if the closed convex subset D of E is not boundedly polyhedral, then D admits a bounded convex function which is lower semicontinuous but not upper semicontinuous.
Let dD denote the relative boundary of D, and for each point x of dD, let cone (x, D) denote the union of all rays which issue from x and pass through the various points of D~\x}. neither does Kd-But Kd has infinitely many extreme points and hence, by the Lemma, admits a lower semicontinuous bounded convex function not attaining a maximum. This can be extended to such a function on D.
